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^ l' Abstract 

There is presently a great interest in studying static and dynamic 
C ' properties of highly charged ions that can be produced in large particle 

accelerators, like that at GSI in Darmstadt. To perform corresponding 
theoretical calculations with great accuracy requires a highly developed 
machinery of computational methods that have not until recently been 
available. In order to combine many-body perturbation theory with quan- 
tum electrodynamics, the calculations have generally to be performed in 
^ , the Coulomb gauge, where applications have not been so developed as in, 

for instance, the Feynman gauge. Formulas for the free-electron self en- 
ergy and vertex correction have been given without derivation by Adkins 
(Phys. Rev. D27, 1814 (1983); Phys. Rev. D34, 2489 (1986)). In the 
present paper the formulas of Adkins are verified with detailed derivations. 



1 Introduction 

There is now an increased interest in studying the effects of quantum- 

• y^ . electrodynamics in combination with electron correlation in electronic sys- 

^\^ ' tems, particularly in connection with experiments on highly charged ions 

JH , (see ref. pQ and references therein). In order to take full advantage of the 

development in atomic many-body theory [5], it is necessary to perform 
the calculations in the Coulomb gauge. Dimensional regularization in 
that gauge is more complicated than in, for instance, the Feynman gauge 
and has to date to our knowledge not been used in practical calculations. 
Such calculations have now been performed at our department [3] , and as 
a background we have reconsidered the formulas derived by Adkins some 
time ago [4] |5] . Adkins gives only the final results without any derivation, 
and we have found that it might be useful to produce full derivations 
of the formulas. One derivation is reproduced here, and an alternative 
treatment is being published separately [6]. 

In the book cited above [l] the dimensional regularization of the free- 
electron self-energy and vertex correction are treated in the Feynman 



gauge and the self-energy also in the Coulomb gauge, while the vertex 
correction in the latter gauge was found to be too complex to include in 
the book. For that reason it is instead reproduced here. 

2 Free-electron self energy in Coulomb 
gauge 

We shall mainly follow Adkins "Tl in regularizing the free-electron self 
energy in the Coulomb gaugejj We start from the expressions for the 
self-energy (c = 1) 



and for the photon propagator 






S,,A,j{9., + ^)j^ 



k' "' '■'V-' k-' / k'+iv 



(2) 



The three terms in the propagator correspond to the Coulomb, Gaunt and 
scalar-retardation parts. 

2.1 Coulomb contribution 

The Coulomb part of the self energy becomes 



eo J (27r)-* (p - fc)2 -m^ +iri k'^ + ir] 
ie^ f d*fc p- 



"^ '^ d*fc p-k + m 1 



eo J (27r)4 (p - fc)2 _ m2 + ir; fc^ + 



ir] 



(3) 
(4) 



using the commutation rules in Appendix [X] (Eq. I55|) . With q = — p and 
s = p^ — m^ the denominator is of the form k^ + 2kq + s and we can apply 
the formulas (I64|l and (|65|l in Appendix |B] for dimensional regularization 
with D = 4 — e {n — 1). This gives with fe° — >■ — g" — p*^ , ki -^ —QiV ~ PiV, 
•y ■ k — —Y^i ^^ 7 ■ Py a-nd w = p^y^ -f (1 — y)yPo — (p^ — Tn^)y 



[ A°k_ p_ 

j {2-k)o jfc2 + 



k + m 



eo J i2n)o k2 + 2kq + s + ir? fc^ + ir] 



eo (47r)^/2 Ja Vy ^"'"^ 



The Gamma function can be expanded as 

r(e/2) = - - T-E + ■ 
e 



^This part is essentially reproduced from the above-mentioned book [l] sect. 12.5] with 
due permission from the publisher. 



where je = 0.5722... is Euler's constant, and furthermore 

W 



(-) ='-2'<T^) + 



This yields 

r(e/2) /m^y/2 _ 

^(2A-7E + ---)(l + |ln4. + ---)(l-|ln(Wm^) + ---) 



(47r 



^u-lnr^+. 



where 



A = 7e + hi 47r + ■ 



(5) 



(6) 



This leads to the Coulomb contribution (|3]), omitting the factor m ''", 



K 



1 dy 



/o Vy 

where in relativistic unitsU 



(7.p(l-y) + m)(A-ln(yX)) 



K = 



(7) 



eo (47r)2 47r 
and w = m^yX, X = 1 + (p^/m^)(l - j/). This leads to 

K j^ -^ ((7.p(l-j;) + mc)(A-lny-lnX) 

and the Coulomb part ([3]) of the free-electron self energy becomes (times 

K) 



^7-p + 2m)A+ (^^7.p + 4m) ^ / y= ((7 ■ p (1 - y) + m) InX 



2.2 Gaunt contribution 

The Gaunt term becomes, using Eq. ([T]) and the second term of Eq. ([2]), 



ie^ f A'^k jiiji — 1^ + m)Y 



eo J (27r)* {p — fc)2 — m^ + irj k^ + ir] 



(9) 



^c = eg = !> E'^ = 47ra (« fine-structure constant) 



(8) 



Using the Feynman integral (|69|l (second version) in Appendix [C] with 
a — k^ and b — {p — k)^ — iv?(? , this can be expressed^ 



Jo J (2^) 



eo Jo J C^-^)* [k2 + {p2 - 2pk - m'2)xf 



eo Jo J (27r)4 [^2 _^ (^2 _ 2pk - m2)x] ^ 

after applying the commutation rules in Eq. 1561 

With the substitutions k — ^ — g = px and s = [p^ -~m?)x we can apply 
the equations (|61l and [62l) in Appendix iBl leading to 



le 



2 /■! r aDi, 



dx 



d°k (3-e)m- (2-e)(^ - /^)-p+fc 



eo io ' 7 (27r)o [fc2 _^ 2feg + s)] 



2 



"2 '■I - ^r(e/2) 



da; 



[(3 - e)m - (2 - e) ^ (1 - x) - p(l - x)j ■ 



eo(47r)o/2 io L^ ' ^ ^ '^ ^ ^ -^^ ^J «j^/2 



where w — q^ — s = p^x^ — (p^ — rn^)x = m^xF. This yields the Gaunt 
contribution ([9]) (times K) 

- I dx i[(l - x)(37V - 7 • p) - 3ml [a - ln(zy)l - 2((1 - a;) j^ - m) 

using the relation ([5]) and the fact that eA — >■ 2 as e — >■ 0. Then the 
Gaunt part of the free-electron self energy becomes|j 



^ 9 (37''po — 7 • p) + 3m A — - 7"po — -f ■p + m+ da;(l — s) (37'Vo — 7 ■ p) — 3m In V 



(11) 



2.3 Scalar-retardation contribution 

Finally, the scalar-retardation part becomes similarly, using the 
third term of Eq. ^ and the commutation rules ([5^ , 

ie2 f d^k Yhi^ - li + m)"f^kj 1 1 



eo 7 (2^)4 (p-fc)2 
ie2 r d^k j'ka^kjiji 


-m2 


+ i?7 
— m) 


fc2 fc2 _,_ i^ 

-27^fc,(fc^p, 


- fc^fc,) 


1 




1 


eo J (2^)4 
ie2 /• d^fc 
eo 7 (27r)4 


^ - 




(p-fc)2 

m + 2Yki 
ky - m? 


— an? + i?7 
Fpj/fc^ 1 




fc2 


+ i?7 
(12) 


+ iT? fc2 + 


iry 



■^We use the convention that ^, i^, .. represent all four components (0,1,2,3), while i, j, 
represent the vector part (1,2,3). 

^Note misprint in first bracket of Eq. (12.113) of ref. [I] 



with Ykij^kj = —k = —kiki. With the same substitutions as in 
the Gaunt case this becomes 

ie2 /■! ^ /■ d^fc ^ -k-m + 2j'hk^pJk^ 

/ da; / ,^ ,„ 7T (13) 

eo Jo J i^-^r [k^ ~ 2pkx + {p^ ~ m?)x] 

With the substitutions k — > —q = px and s = (p^ — m?)x the 
first part is of the form Eq. (|6T|) and Eq. ([62]) in Appendix [B] and 
becomes 

-^/..[,-p.-,„]2ig) (14) 

and with Eq. ([5]) 



/i'/ dx[^— px — 77i] (A — ln(a;y) 



(15) 



with K = e^/(eo (47r)^) and w being the same as in the Gaunt case, 
w ^ q^ — s = p^x^ — p^x + m?x — rn^xY. 

The second part of Eq. P^ is of the form Eq. ([M]) and becomes 
(/cifc^ — 7> qiq^ y^ — pip^ x^y"^ in first term, — )• — ^gj = ~^^' 
second) 



m 



X ^' da; ^' dy V^ I ^^^^^f^ f - 7^P, (a - ln(a;yZ) 
KJ'dxj'dy^ r'^'^^^^ ^+j-p^A-HxyZ) 



with w = xy[ — p^xy + PqX — p^ + m^] = a;j/[p^(l — xy) — p^{l — 
x) + ?Ti^] = m?Zxy 

Integration by parts of the first term yields (times K)^ noting 
that dZ/dy — —p^x, 

/■I r 1 ^ /"^ /"^ 

- dx y/yy2f -plnZ +3 dx dy^/y-y-plnZ 

The total scalar-retardation part then becomes (with Z{y — 1) — Y) 

/ dx[^ —px~m\ (A — In(xF)) — / dx27-plny 

+ 3/ dx dyy/yj-plnZ+ dx dy y/y j ■ p(A -ln{xyZ)] 
Jo Jo Jo Jo ^ ^ 



or 



fi fi 

/ dx(j°pa{l-x)-j-p{l + x)-rn\(A-lnxj+ dy^/yj-pA 

- / dx(^^pQ{l — x) ~j ■p{l ~ x) ~ mj liiY 

- / dx / dy 7y 7 • P ln(a;y) +2/ dx dy y/y -/ ■ p ln{xy) 
Jo Jo Jo Jo 

- 3 / dx dy y/y-f -pin Z 

Jo Jo 

Then the sealer-retardation part of the free-electron self energy be- 
comes 

[2^ P°~ g7-P-™jA + -7>o- ■^7-P-"i 

- / dx(j^po{l — x) — 7 • p(l — a;) — ml InF — 3 / dx dy y/y j • p InZ 

Summarizing all contributions yields the mass-renormalized 
free-electron self energy in the Coulomb gauge 

^ dy 



eo (47r)2 



-(^ -n?jA-^-f°po + —j-p- I -^ (7.p(l-y) + m)lnX 

2/ dx [(1 -x)^ -m] InF + / dx j dy y/y 2-i • p \n Z 
Jo Jo Jo 



where we have subtracted the on-shell (^ — m) value, Km{3A + 4) 
(which is the same as in the Feynman gauge [H Eq. (12.103)]). 
The expressions for X, Y, Z are given in the text. The result is in 
agreement with that of Adkins [IJ . 



3 Free-electron vertex function in Coulomb 
gauge 

Next, we consider the free-electron vertex function in the Coulomb 
gauge and start from the expression [5l Eq. (1)] 



K{p,p') 



d'^k 



7 



'- ^ + m 



— 7 



I — ji + JTI 



(27r)'* (p' — kY — rn^ + ify [p ^ ^)^ ~ 1^^ + W 



— l^Dp,^ (17) 



We restrict ourselves here to the case, where 7'^ — 7", which 
implies that the interaction at the vertex is scalar and can be the 
Coulomb interaction with the nucleus or with another electron. 



3.1 Coulomb contribution 

Inserting the Coulomb part of the photon propagator ^ into the 
vertex expression ([TT]) , yields 

d*k g ^ '— ji + m Q ^— ^ + m gl 



' /'__ / l^\9 9 1 • _ ' /„ 7,\9 9 1 • „ ' 



Co J (Stt)'* (jj ' — k)^ — m? + irj [p — k)^ — m^ + ir] k^ 

Using the relation ^ 7*^ = 7°J5 (see Appendix |^ and the Feynman 
parametrization (j69p in Appendix [C] this leads to 

ie2 /■! /■ d^fc 70(^'- /^ + m)(p-fc + m) 1 

eo 7o ^ y (271-)'^ [fc2 _ 2pfc + p2 _ ^2 - (p2 _ p'2 _ 2kp + 2kp')x] ^ k^ 

With 

g = — (1 — .t)p — p X = —{p — dx) ; d = p — p 

s = (1 — a;jp + p X — m 

the denominator is of the form k"^ + 2fcg + s. Introducing the dimen- 
sion D — 4, — t, we then have 

ie^ /"i /■ d^fc 'y°(^'- j^ + m)(p-k + m) 1 

and we can then apply the formulas Eq. (I64p to Eq. (j66p in Ap- 
pendix |B] In Eq. (|65l) and the first part of Eq. ([55)) we make the 
substitution A:^ — > —q^y — (5^.o 170(1 — y) or 

/^ ^ 7 • qy - 7°qo = -(7 • p - 7 • <ia^)2/ + l°{Pa - dox) 
k ^ -J ■ qy - 7°qo = (7 • P - 7 • dx)y + 7"(po - ^oa;) 
and in the second part of Eq. ([66]) 

k^^k''^-^[g^- + S^,oS.A^-y)/y] 

fik = kl~ f fc, 7^"% ^ i (-1/y -H y70 = i (3 - e - 1/y) 
This yields in analogy with the self energy 
1 /.I 



(i)'-^^^^p7j(-ir7°y^ cla;y^ dyVy<^[^' + (7-p-7-da;)y-7"(Po-do:r) 



p - (7 • p - 7 • dx)y - 7°(po - rfoa;) + m (^—j + ^ {i - e - l/y) 



With Eqs dSI and (O we have in the Umit e ^ 

NumC 



-K^^ j\x j\y^j\^^^^+(l{i-lly)Hw/m^)-l)\ (18) 



and after partial jintegration 



if7° j dx j dy^ 
Jo Jo 



I NumC ,^ , m 



V 



w 



-(l-y)^?^l (19) 



w dy 



Here, 

NumC = 



i> '+{7-p-l-dx)y—^'^[po—dox)+m p—[j-p—'fdx)y-'^'^[po—dox)+m 



w = [q^y'^ + (1 - y)yql - sy = q^y - q^y"^ - sy 
^ y[{l - x)po + p'ax] -y'^[{l-x)p + p'x] 
- [{l^x){pl-p^)+po'^x-p'^x-m^]y 



and 



-^ = [(1 - x)po+Pox]'' - 2y[{l - x)p + p'xf 

- [(1 - x){pI - p2) + p'^^x - pIx - m2] = A, - y [(1 - x)p + p'x] ' (20) 

with 

^x = w/y = [(1 - x)pq + p'qx] - y[{l - x)p + p'x] 
- [{l-x)ipl-p^)+p',^x-p'^x-m'] 



A^^m'^ - x{l - x)dl + (1 - x)xy(f + (1 - x){l - y)p^ + x{l - y) p'^ (21) 



The expression Eq. p^ then becomes 

iVumC - (1 - y) (Aj; - y [(1 ~ a;)p + a;p'] ' 



- X7" / dx / dt/Vy 
Jo Jo 

= -K^^Cd^j"^ 

Jo Jo Vy 



NumC - A^+ y{l - y) [(1 - a;)p + a;p'] 



21 



(22) 



From Eq. dH]) 



NumC ~ 7 Vo — 7 • p' + (7 • P — 7 • dx) y — 7'^ (po — ^o^;) + m 
7 • p - (7 • p - 7 • dx)y + ^°dQX + m 
- 7°rfo(l - x) + m + j ■ p(l - x)y - 7 • p'(l - xy) 
7 dox + TO + 7 • p(l — y + xy) — 7 • p'xy 



NumC — rr? — ^^rad^i^ ~ 2x) + 7717 • d — d^^xi^ — x) 

- l^d^il - a;) [7 • p(l - 2/ + a;?/) - 7 • p'xj/] + [7 • p(l - x)?/ - 7 • p'(l - xy)]7°doa 

- 7-P7-p'(l-a;)xy2 - 7 • p'7 • p(l - a;y)(l - y + xy) 
+ (7 • P)^(l - ^)yiX -y + xy) + i'y p')^(l - a;y)a;y 

This can also be expressed 

NumC = m^ - j°mdo{l - 2x) + mj ■ d - dlx{l - x) 

- 7°rfo7 • P(l - x){l - y + 2xy) + j"doj ■ p'x(l + y - 2xy)] 

+ (7 • P)'(l - x)y{l - y) + (7 • P')'(l - y)xy - 7 • P'7 • P(l - y) - d'a;y2(l - 2^) 



With 



[(1 - a;)p + p'xf = -x{l - x)d^ + (1 - x)p^ + xp'^ 



the numerator in Eq. 



becomes 



-7°i?° = NumC - A3; + y(l - y) [(1 - x)p + xp'] ^ 
= — 7°TOdo(l — 2a;) + TO7 • d 

- 7°rfo7 • P (1 - 2:)(1 - y + 2a:y) + 7°do7 • p'x (1 + y - 2a:y) 

- 7 • P'7 • P(l - y) - d'2xy(l ~ x) ^ p2(l - a;)(l - y) - v'^x{\ - y) 

The Coulomb contribution to the free-electron vertex function then 
becomes 



(23) 





/■' 


r dy 


ffO 


K 


/ da; 






/o 


/o ^/V 


Aa; 



which agrees with the result of Adkins [5 R^ with 
d = p — p' -^ k; a;— )-m; y— >-a; 



3.2 Gaunt contribution 

For the Gaunt part we have 



le 



d^fc 



1: 



^ -\- m 



^— ji + m 



1 



(27r)4 "(p'-A:)2_m2+i7; ' (p - fc)^ 



irj fc2 + i?y 



and, using the parametrization (j7ip in Appendix [Cj and the commu- 
tation rules in Appendix \K[ this becomes 



le 

2ie2 r d^fc 
eo 



d^/c 



(2^^^^ 



dx 



p' — k + m 



i- }t + m 



(24) 



1 



■7 



(27r)'^ JO 



2ie-^c 
eo 






£1 



(p ' — fc)2 — r?T.2 + ir^ (p — /c)2 — TTi^ + iTy fc^ + iry 
dy7 7 



1 



da; / dy7 

^0 



[fc2 + (p2 _ 2pk ~m?)x + (p'2 - p2 _ 2p'k + 2pk)y\ ' 
aJi{p' -k + m)(^- /if + m)7* 



[A:2 + 2fcg + s]^ 



with (7 = ^(2; ^ y)p ^ p'y ^nd s — {p^ — m?')x — [p^ — p'^)y. 

Applying the commutation rule y4.7* = — 7*y4. + 2A^ and A7' = 
— 7M — 2A* the numerator becomes 

Num = "fi{p — k + m) {^ — |(f + 771)7* 
= {-p' + k + m)-f,-2{p'^-h)] W{-^+ ii + m) + 2ip' - k') 

(3 - e){p' - a! - m) - 2(7 • p' - 7 • fc)] 0(- /(f - m) 

+ 2(p' -fc-TO)(7-p-7-fe) + 4(p-p' -p- A; -p' -fc + fc^) (26) 

We can now apply the formulas ([M]) to (p5)) in Appendix [B] with 
/c ^ — g = (x — j/)p + p'y in Eq. (p^ and first part of Eq. ([55)1 and 
/c^fc'^ ^ — g'^"^/2 in the second part and 

w = 9^ — s = [(a: — y)p + p'y^ — [p^ — m^)x + [p^ — p''^)y [y — > xu) 
w/x = Aj, = a:[(l — u)p + p'uY ~ {p^ — vn?) + (p^ — p''^)u = w' x + w" 
w' = [(1 - u)p + p'uY w" = -{p^ - ni^) + {p^ - p''^)u 

Aj, — p {\ ~ U){x — xu ^ \) — p' x{l — xu) + {pp' + p'p) XU{\ — u) + TO 



= m ~ ux{l — u)d — p (1 — u)(l — x) — p' u(l — x) 

This Agrees with Adkins' A^ |5j. 

The Gaunt part (|25p then becomes with the substitution y ^ xu 



(27) 



(25) 



2K-^° 



r(3) 



1 .1 

xdx du ■ 
Jo 



iNum] 



Num 



r(e/2) 



feMfe" 



4^^ 



w 



e/2 



The evaluation will be made below together with the Gaunt-like part 
of the scalar retardation. 



(28) 



10 



3.3 Scalar-retardation contribution 

The scalar-retardation part becomes similarly 



7'fc« 73 Ta3, Z?r-7Z 7 



eo J (27r)^ {p ' — k)^ — 771? + ij] (p — k)"^ — 777^ + 17] + ir] k^ k^ + irj 

\e^ f d^fc n i, p' — k + 777 ^~ M + 777 l-'kj 1 



eo J (STr)*^ (p' — fc)^ — mn? ~\-iri {p — fc)^ — tti^ + 17^ + 177 fc^ fc^ + [7] 

2ie2 Q /■ d^fc r^ r J-k{p' ^k + 777)1^ - ^ + 77l)j-k 1 

eo ^ 7 (2^)^ X "^io ^ [k^ + 2kq + sf k" 



with (as in the Gaunt case) q = —(a; — y)p — p'y and s = (p^ — 
771^)2: — (p^ —p''^)y. With the commutation rule / 7* = —7* 4 + 2^' 
we have 

4 7^/0^- = -7J/cj- ^+2A^kj ; / 7-fc = -j-k 4+27-fc ; ^7-fc = -7-fcyl-27-fc 

7-fc/7-fc = -7-fc7-fe/ +27-feA-fc = fc^4 +27-fcA-fc 

7 • fc |(f 7 • fc = fc2 /^ + 27 • fc fc2 = fc^ A? 
and the numerator in Eq. ()29p becomes 

Nu77n — —7 • fe(p ' — A; + to) [7 • fc(y — ji — m) — 2(p • k k )] 
= -k^{p' -k-m)(^- fi -m) + 27 • fe (p' • fe - k^)(ji- 1^ - to) 
+ 27-fe(p'- A! + TO)(p-fe-fe2) (30) 

3.3.1 Gaunt-like part 

The parts involving k can be evaluated as the Gaunt part, 

'{p' -k- 77i)(ji~ ^ - m) ~ 2j ■ k 1^ - }( - 777) - 2j • k {p' -k + 771,) - 2p' ■ k + 2p • k 
which together with the Gaunt part Eq. ([25)1 

(3 — e){p' — k — m) — 2(7 • p' — 7 • fc) (^— ^ — to) 
+ 2(p'-fc-TO)(7-p-7-fe) +4(p-p'-p-fe-p' -fc + fe^) (31) 



11 



gives (for the time being omitting e) 



NumG 



(7 Vo — k — m) (ji— (i — m) + {p' — k — 771)7 ' P 



-J • k{p' — k + m) ~ {p' — k — 771)7 -fe — p'-A; + p-fc + 2(p-p' — p-fc — p'-fc + fc^) 



= 2 



iiP'o ^ k — m) (^— ji — m) + {p' — k — rn)'j • p 



— 7-fc7'p' — 7'p'7'A; + 2(7' fe)^ 

p'-fe + p-fc + 2(p-p'-p-fc p'-fe + fe^) 

(7V0 - l"kn - 7 • fc - ?77)(7% - 7 • P - 7°fco + 7 • fc - m) 



(7°Po + 7 • P' ^ 7°'i^o - 7 • fc - 7)7)7 • p + 2p • p' - p • fc - p' • fe) 



= 2 



(Po - ko){po - ^'o) - mCl^Po + l°p'o - 27"^o - m) + 7 • p '7 • p 



7 • fc(7% + 7V0 - 27°^o) + 2p • p' - p ■ fc - p' • fc + fe2) 



We can now evaluate the entire Gaunt-hke contribution by re- 
placing Num in Eq. (|28p by NumG, 



if 7" 



dx / du 



[^"-G],^_^ 



NumG 



Tie/2) 



Ik^'k"- 



-h^ 



W' 



:/2 



(33) 



and adding the contribution due to e in Eq. (I3ip . The substitution 
in the second part gives 



ftp 



fe2 = -7^fc,7^'/cj^i7'7, = i(3-e) 



and 



NumG 

r(e/2) 



fcA'/c" 



In 



= 2-e 



(w/to2)'/2 

The omitted e-dependent contribution in Eq. 
the Gaunt-like contribution ([55]) 



is — e. This gives 



A'7^ 



1 .1 

dw / x dx 
Jo 



[NumG] 



k-^XQA 



2(1 



In 



(34) 



Partial integration of the log term yields (where according to Eq. [27] 
w = w'x^ + w"x and ^ = 2xw' + w") 



a; da; In ( — ^ ) 

\?7l^/ 



'i^-m 


1 


[^ , x^ m,'^ dw 
/ da; 





Jo 2 w dx 



1 , /w 
= - In 
2 



w 



f X 777 

/ da; (2a;w' + w") 

Jo 2 w 



(35) 



(32) 
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The result Eq. ([M)) then becomes 



if 7" / du 



xdx- ^-^^^ ^ ^ + A-2-ln^ ^ 



w 



TO' 



(36) 



The constant factor can be moved to the numerator as —Aw 
—Ax'^w' — Axw" , which yields with w — xAj, 



Ki' / du 
'0 



1 \NumG\ , 
ax 



k^-xqA 



2x^w' - ixw'' 



A, 



A -In 



w' + w" 



Here, the numerator becomes 

2Rl^[NumG]^^^^~x{2xw' ^iw") 



{p'a ~ ko){po - ko) - to(7% + TP'o - 27^0 - to) + 7 • p'7 • p 



7 • fc(7>o + Tp'q - 27^0) + 2p • p' - p • fc - p' • fc + fc^ 



k—yxQA 

(38) 



(37) 



- x{2xw' + 3w") 
or with 
w' + w" = [{l-u)p + p'u]^ - {p^ -m^) + {p^ - p'^)u = m^ - u{l ~ u){p ~ p'f (39) 



Rl = (p'o - xq"^){po - xq'i) - to(7V + 7V0 - ^l°^qA - "^) 
7 • p '7 • p - a;7 • ci^ij"po + 7°Po - 27°xg^) 
2p • p' - xp • q^ - xp' • q^ + x^q^ 



3a; 



= [(9^f-qi]+Y[/(l-^^)+y^^^-m^] 



(40) 



Here, g^ = (1 — u)p + up' and 

2^P • Qa + -^P' • Qa = ^{P + P') ■ [(1 ^ '")P + "P'] = ^(1 ^ ")P^ + 2^up'^ + xp • p' 
The scalar part of the last line in Eq. (j40| becomes 



-x^ [(1 - u)po + upg] + Y [(1 ^ '")Po + ^P'o ~ ™^] 
= -ni^ + x'^u{l - u)dl + [ - x^{l - uf + —(1 - m) - x^u{l - u)\pl 

+ [-x'^u^ + ^u-x^u{1-u)\p'q 

'ix 
= — 5- "T-^ + a:^"(l - u)dl + i x(l - u)(3 - 2x)pl + \ xu{i - 2x)^q 
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and the double vector part of the last two lines 



- [l - a;/2 + 2x^u{l - u)](f + [2.x2(l - uf - ^{l - u) + I - x/2 + 2x^u{l - u)]p^ 
+ [2x'^u^ - -^u + 1 - a;/2 + 2x^u{l - u)] p'^ 

= -[l-x/2 + 2x'^u{l-u)\(f + [l-a;/2- -(1 - w)(5 - 4a;)]p2 
+ [l-a;/2- ia;u(5-4x)]p'2 

This gives (times 7") 

Rl = (1 - ym^) + {p', - xq'\){po - xq"^) - m(7% + l^p'o " '^iWa) 
+x'^u{l - u)dl + i a;(l - u)(3 - 2x)pl + \ xu{i - 2x)p'^ 
+ 7 • P'7 • P - a;7 • (lAil°Po + 7"Po " '^^"xQa) 
- [1 - x/2 + 2x^u{l - u)](f + [l-x/2- |(l-M)(5-4a;)]p2 

+ [1 - a:/2 - i xu{5 - 4a;)] p'^ (41) 

The Gaunt-like contribution then becomes 



(42) 




where w + u;' is given by Eq. p9p . This agrees with the result of 
Adkins [5]. 



3.3.2 Non-Gaunt-like part 

For the remaining "non-Gaunt-like" part of the scalar retardation 
p9)) we apply the formulas ([66| and (l67l) in Appendix [B] leading to 
an expression of the type after the substitution y — >■ xu 

2K-f° / xdx du dz 2^/2 
Jo Jo Jo 



1 

r(3) 


r(2) 


N'z _^ Nz' 
w"^ w 


N'z 


Nz' 
w 





if 7° / xdx i du dzz^/2 
Jq Jo Jo 



Here, with y ~ xu and q = x[{\ — u)p + up'] 

w — q^z^ + (1 — z)z qQ — sz ^ — z^q^ + qQ — sz 
s — {p^ — rn?)x — [p^ — p'^)y 



(43) 



2 2 

-X z 



(1 - m)p + up'] + zx^ (1 - u)po + uPo] 



xz{p — ?n ) + zxu{p — p'") = xzA 



(44) 
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This gives 

A2 ^ -xz[{l - u)p + up'] + x[{l - u)po + up'ol 

- {p^^m^) + u{p'-/') 

= m^ + xuz{l - u)(f - xu{l - u)dl + (1 - u)(l - xz)p'^ + u(l - xz)p''^ 

- {l-x)il-u)pl-uil-x)p[f (45) 

which agrees with Adkins with x— >s; u -^ u; z— >a;[S]. 
We can now express the non-Gaunt part (|15)) as 



Kj° f dx f du f dzz^l'^ 
Jo Jo Jo 



xz{A,r A, 



(46) 



■y • kp' • k(ji — ^'^ko — m) + ^ • kp • k {p' — j'^ko + m) 



The non-Gaunt-like part of the numerator Eq. (|30)) is 



NumNG = 2 



In the first part of Eq. (|66l) and Eq. (|S71l we then make the replace- 
ments (c.f. Coulomb contribution) 

fc' — > —q^z = q\xz ; k — ^ q^a:^ ; fco -^ —Qo = Qa^ 

7 • fc7°fco p • fc ^ 7 • q^ 7°g^ p • q^ x^z'^ 



Then 

N' = 

which gives 



NumNG 



ko^xq^^ ; fc— >a;^q^ 



= 2a;2z2i?'0 



(47) 



-Rf = 7 • q^ p' • Qa (?^ - "^) + 7 • q^ p • q^ b' + "i) 
a^7 • <iai°qa{p' • qA + p • q^) 



or 



R'z ^ TO7 • q^ (p • q^ - p' • q^) ^ 7777 • q^ d • q^ 
+ 7-qA(p'-qA7Vo + p-qA7Vo) 

+ 7 • qA (p • q^ 7 • p' - p' • qA 7 • p) 

a;7-q^7%^(p'-q^-hp-q^) (48) 

The third line can be expressed 

7 • qA (p • qA 7 • p' p' • qA 7 • p) 

= [(1 - u)7 • p -K U7 • p'] (7 • p' [(1 - u)p2 + MP ■ p'] - 7 ■ p[(l - u)p • p' + up'2] ) 
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where 

Ci =7-p7-p'[(l-u)2p2+u(l-u)p.p'] =7.p7.pM 
C2 = -7 • p' 7 • p [u(l - u)p • p' + M^p'^] = -7 • p' 7 • p B 
C3 = p • p' [(1 - «)2p2 - «2p . p'] = p . p'(A - B) 

with A + i? = q^. Ci can be reexpressed as 

Ci = -(7-p'7-P + 2p-p')^ 
which leads to 

Ci + C2 + C3 - -7 • p'7 • P (^ + S) - p • p'(A + B) 
or 

7 • qa (p • qa 7 • p' - p' • q^ 7 • p) = -(7 • p' 7 • p + p • p') qi 

In the second part of Eq. (p5|) we make the replacement 
fc'P ^-i^'-'; 7-fcp-fc^i7-p 
and in Eq. ((621) 



(49) 



/fc^/c'^F ^-ig'^go 



or 



7-fc7°fcoP-fe ^Ykij"kop^kj -> -It-'PjT^^o = +5 7-P7°'7V 
The numerator in the second part of Eq. (H51) is then 



N,^ 



NumNG 



fc'fei-i.- 2 9'^'t k'k'>y~^--^ g'^qo 



=^ i?_ 



(50) 



which gives 

Rz = 7-p'(^ -"^) +7-p(p' + nT-)-7-P7°9V-7-p'7°9V 

= m-fd+ (7-p'po + 7-PPo') + (7 • P + 7 • P')7°9V 

+ 7-P7-p'-7-p'7-P 

= m7-d+ (7-p'po + 7-PPo') + (7 • P + 7 • P')7°9!4a; 

+ 2p.p' + 27.p7.p' (51) 

The non-Gaunt-like contribution to the free-electron vertex function 
then becomes 



Kj' 



j dx du dz \fz 
Jo Jo Jo 




(52) 



which agrees with Adkins [S] with 

X — > s; z — > X 

We have now verified the formulas of Adkins for dimensional 
regularization in the Coulomb gauge of the free-electron self energy 
and vertex function for /i = 0. 
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A Relations for the alpha and gamma 
matrices 

Taken from ref. Hi App. D3]ll 

The gamma matrices satisfy the following anti-commutation rule: 





7^ + 7^7"^ = 


-- 23^" 




4-^+^A = 


= 2AB 


where / is defined 








4 = rA 


Li 


This leads to 








ri"!^ = 


-27-- 




7^ 47m = 


-24 




7^7m = 


4 




7 7 7m = 


-27m 




7^ 47m = 


-24 




7°7o = 


7V = 




7'^7° = 


7°7' 




H = 


7°I 




7°7^7° = 


T 




7° 47° = 


A 




7O7-7-7O = 


TT 




7° 4 ^7° = 


AB 




7"7^^7^7° = 


¥Tr 




7" 4^ ^7° = 


ABC 


where A = 7°Ao — 


7^1 = j°+j-dA and 




r = 1 ^y 


= 1) 
.1,2,3 



^Note misprint in the first formula of Eq. (D.58). 



17 



(53) 
(54) 



(55) 



With the number of dimensions being equal to 4 — e, to be used 
in dimensional regularization, the relations become 



l^lli = 


= 4-e 


7''7"7p = 


= -(2-e)7'^ 


7^ /7m -' 


= -(2-e)4 


ri^Yl^ -- 


= 4g"^~e7"7^ 


7^4^7m = 


= AAB - e 4 ^ 


7^7^"7"7p = 


= -27 V7^ + e7^7"7" 


7^7'' = 


= 3-e 


7.7"7' = 


= -(2 -6)7'^ -7" 


-1, 47' = 


= -(2-e)4-A 


art 


= 4g'"^ - 7'"7^ - e7'"7^ 


7.4 ^y = 


= 4AB - AS - e 4 ^ 


7j7'^7'^7''7' = 


= -27^7'"7^ - ^P^T + e7''7''7^ 


7.4^ fi' -- 


= -2(;? ^ 4 -ABC + e4 ^ (? 



(56) 



B Formulas for dimensional regulariza- 
tion 

Taken from ref. jH App. G2]. 

Following the book by Peskin and Schroeder j7] , we can by means 
of Wick rotation evaluate the integral 



1 



K-i) 



(27r)^ (/2-A) 
AVLd 



■li-iy 



A^l 



(27r)^ [ll + ^Y 



dl% 



iD-l 
'■E 



{'2n)^Jo "^^{ll + AY 



We have here made the replacements Z° = iZ^ and I — Ie and 
rotated the integration contour of Ie 90°, which with the positions 
of the poles should give the same result. The integration over d^ls is 
separated into an integration over the D-dimensional sphere VLd and 
the linear integration over the component Z^. This corresponds in 
three dimensions to the integration over the two-dimensional angular 
coordinates and the radial coordinate (see below). 



1 



d^/fc 



(27r)^ (fc2 + s + ir;)'^ 



d^fc 



i(-i)"r(n-i:i/2) 1 



47r^/2 
k^' 



T{n) 



„n-_D/2 



(fc2 



i77)" 



= 



(57) 
(58) 
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d^fc kf'k" 



- (59) 



_ i(-l)" r(n - 15/2 - 1) 1 

(27r)^ (fc2 + s + i77)" ~ 47r^/2 !>) s"-D/2- 

Covariant gauge 

Compared to Adkins [T Eqs (Ala), (A3), (A5a): 

V -^ -q; M^ -^ -s; oj -^ D/2; a^n; ( -> n; Q ^ p ^ -q; A^^ -^ g^^] 

(60) 



d^fc 1 



(27r)^ (fc2 + 2/cq + s + i?7)" (47r)^/2 r(n) w«--D/ 



i(-ir 1 nn-Di^ ^^^^ 



7 (2^0^ 



fc/^ 



i(-l)" 1 ^^T{n-D/2) 



)D (F + 2/cg + s + i??)" (47r)^/2 r(n) ^ m;"-^/2 



(62) 



A^k k^'k•' _ i(-l)" 1 

(27r)^ (fc2 + 2fcg + s + iyy)" ^ (47r)'D/2 !>) 

5^"^ r(n - 1 - 15/2) 
2 „,«-i--D/2 



q^q 



, Tin -D/2) 



i-D/2 



(63) 



Non-covariant gauge 

Compared to Adkins [4 Eqs (Alb), (A4), (A5b): 

p -^ -q; M^ -^ -s; oj -^ D/2; a ^ n; (3^1; ^ ^ n + 1; fe^ ^ -fc^; 

I - y 
Q =py^ -qy; A^,^ -^ g^,y + 5^,^^5y^o ; (AQ)^ ^ -q'^y - 5^0 (1 - y)go 

A ^ U; = (72^2 + (1 „ j^)j^^2 _ ^^y ^ ^2^^ _ y) ^ _q2^2 ^ y^2 _ _^^ + a2(1 - 2/) 



d^/fc 



(27r)^ (fc2 + 2fcg + S + ir?)" fc2 _ ;^2 

K-1)" 1 rd,,n-i-i/2 r(n+l-iJ/2) 

(4^)^/2 r(n+l)io ^^ 



,,ri+l-D/2 



(64) 



d^fc 



fc^ 



i(-l)" 1 



(27r)^ (fc2 + 2/fcg + s + i??)" fe2 _ ^2 (47r)^/2 T{n) 



^. 



<y - 7"9o(i - 2/) = 7 • qy - 7°9o 
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d^fc 



k^'k" 



i(-l)" 1 



(27r)^ (fc2 + 2kq + s + i??)" k^ - y (47r)'D/2 r(n) 



X / dyy 
Jo 



1-1-1/2 



{ [q'y + S,,o ?o(i - y)] [q-y + <^.,o 9o(l - y)]}^^^^^^^T^i^ 

\{[9'' + s,^oSMi-y)/y]}^^^^0^ (66) 



-D/2 



j/i -i' J • qy - 7°(7o in first part and j^ ji ^ ^l^h^li-^ + (1 ^ 2/)/^] " 
second. 



k^k^^y 



(27r)^ (fc2 + 2fcg + s + ir/)" fc^ _ ;^2 ^ (47r)^/2 r(n) 



i(-l)" 1 



X I dyy 

/o 



n-1-1/2 



{g^g^^y^ + q^wsM^ y)y'} ^lt\-D /2 



+l{y{9"'q' + 9^'q' + g'^q^) - S^o g'' go(i - y)} 



Tin + l- D/2) 
T{n-D/2) 



w" 



-D/2 



(67) 



C Feynman integrals 

Taken from ref. [I, App. Jl] 

In this Appendix we sfiall give some integrals, which simplify many 
QED calculations considerably (see the books of Mandl and Shaw [8l 
Ch. 10] and Sakurai W, App. E], and we shall start by deriving some 
formulas due to Feynman. 
We start with the identity 



1 



1 



di 



ab b ~ a Ja t"^ 
With the substitution t = b + {a — b)x this becomes 



1 
ab 



dx 



Ax 



Iq [b+ {a — 5)a;]2 Jq [a + {b - a)x] 
Differentiation with respect to a, yields 



xdx 



[b+{a-b)xr 



(68) 



(69) 



(70) 



Similarly, we have 



1 
abc 



Jo "^""Jo '^^[a+ib-a)x+ic-b)y]^ 

= 2 / da; / dy ■ 

Jq Jo 



1 



[a + {b — a)x + (c — a)y]^ 



(71) 



20 



Next we consider the integral 

1 ^ /"i.i^,,,, f°° dyfco 



/•'''iftW='"/i'i"*I 



l-oo (fc' + s + i77)3 
The second integral can be evaluated by starting with 

dfco i^ 

_^ kl - |fc|2 + S + i77 " ^|fe|2-s 

evaluated by residue calculus, and differentiating twice with respect 
to s. The integral then becomes 

(fc2+s + i7?)3 2 J (|fc|2+s)5/2 2S ^ ^ 

The second integral can be evaluated from the identity 
x^ 1 s 



(x2 + s)5/2 (x2 + s)3/2 (2;2 4, 5)6/2 

and differentiating the integral 
Ax 



I 



yielding 



— In (a; + v a;2 + s) 



1 



(a;2 + s)5/2 3s 
For symmetry reason we find 

Differentiating this relation with respect to k^, leads to 

d^fc ,,, ^ \ g^ /d^fc , . ,3 ^^^ (74) 

(fc2 + S + 17/)-* 37 (fc2 + S + 177)3 6S ^ ^ 

using the relation [U Eq. (A4)]. 
By making the replacements 

k ^ k + q qnd s ^ s — q 

the integrals ([72]) and ([731) lead to 

"^ ^ (yfc2 + 2A:g + s + i77)3 " 2(s-g2) (^5) 
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d^fc 



fc'^ 



(fc2 +2kq + s + ij])'-^ 



d^k- 



in'^q'' 



{k"^ + 2kq + s + 17])'-^ 2(s-g2) 

(76) 
Differentiating the last relation with respect to q^, leads to 



d^fc- 



k^'k'' 



9 



fliy 



2q^'q'' 



(fc2 + 2A:5 + s + iry)"* \2ls-q^ {s - q^Y . 
Differentiating the relation ([75]) with respect to s, yields 



?? 



d*fc- 



1 



(fc2 + 2fcg + s + i7/)4 6(s - g2)2 
which can be generalized to arbitrary integer powers > 3 



d*/fc- 



1 



,.{n-i)\ 



1 



(fc2 + 2fcq + S + i??)" (n - 1)! (s - g2)n-2 

This can also be extended to non-integral powers 
1 



d^fc- 



,r(n-2) 



1 



(fc2 + 2kq + s + iyy)" 
and similarly 

d4fc (:^ - 

(fc2 + 2A;(7 + s + \riY 

d K — -:r ^ — = 171 

(/c2 + 2fcg + s + i?7)" 



r(n) (s-g2) 



. 2r(n-2) g'^ 



2^1-2 



T{n) {s-q^y^^^ 



,r(n-3) 
2r(n) 



(77) 



(78) 



(79) 



(80) 



(81) 



{2n~3)q''q.'' g^"' 

(g_g2)n-2 +(s_g2)n-3 
(82) 
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